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Exercise 1 (4 points)
Let p be the Lebesgue measure on [0, 1] and v be the Borel measure defined on [0, 1] by

F)(dy) = (1 - a) / fw)dy +af(1), VfeC(R),
[0,1] 0

where « is fixed in [0, 1]. What is the optimal transport map T sending u to v ? Find the values of «
for which T : [0,1] — [0,1] is a smooth map (resp. a one-to-one map).

Exercise 2 (4 points)
Let u be the Lebesgue measure on [0, 1]? and let

T: (z,y) € [0,1]* = (Vx cos(2nmy), Vxsin(2nmy)) € R?,

where n is a fixed integer n € {0, 1,2}. What is the image measure v of u by T'? Find the values of n
for which

i) T is an optimal transport map ;

ii) v is absolutely continuous with respect to the Lebesgue measure.

Problem (12 points)
Let D be the unit cube in R%. We are given two smooth functions 7o > 0 and 7; > 0 such that

/DWO(iU)de = /D%(@dl’ =1

We denote @ = [0,1] x D and set, for every continuous real-valued function ((¢,z) — f(¢,2)) € C(Q),
BT = [ (f(1a)n(@) - £0.0)70())da.
Q

We are given a convex function K : C(Q) — R. We denote by K* : C(Q) —] — 00, +00] the
Legendre-Fenchel transform of K.
We consider the set F of all pairs of smooth real-valued functions (¢, 6) defined on @ = [0,1] x D

(t,z) € Q@ = ¢(t,z) €R, (t,z) € Q = 0(t,x) € R,



such that )
Op(t,x) + 5IVad(t,x)* < 6(t,2), V(t,w) € Q.

We consider the maximization problem

J= sup BT[¢] — KI[0]
(¢,0)€F

and a maximizing sequence (¢, 0¢) such that BT[¢¢] — K[0¢] > J — ¢, for € €]0,1].

Question 1 (6 points)

Using the Rockafellar duality theorem, show the existence of at least one pair of (Borel) measures
(¢,m) defined on @ and respectively valued in R and R9 such that : m is absolutely continuous with
respect to ¢ with density v € L?(Q, dc ; R?), with

m(dt, dz) = v(t, p)e(dt, dz), J = / Lo, 2)de(t, 2) + K*[d),
Q2
/ Oef(t,z) +v(t,x) - Vo f(t,x))de(t,z) = BT(f), forevery smooth function f on Q,

Q
[ 186 t,2) + 519670 0 0t 0ldeltn) e, [ Slolta) - Vo (b o) Pdelt ) < e
Q Q
0 < K*[c]+ K[#]— < ¢, 6 ><e.

Question 2 (3 points)

Assume that there exist optimal solutions (¢,0,c,v) and that all of them satisfy c(dt,dx) =
~(t, x)dtdz, with ¢,0,~v,v smooth and v > 0. With the help of the previous question, prove that
these solutions satisfy the system of equations in the interior of @ = [0, 1] x D,

at’Y(t’x) +Vy - (7(t7x)v(t7x)) =0,

Ow(t, ) + (v(t,x) - Vy)v(t,x) = E(t,x)

(where the fields v et E will be respectively defined in terms of ¢ and 6), as well as the time-boundary
conditions : ¥(0,-) = y9, ¥(1,-) =~ on D. What can one say about the uniqueness of E?

Question 3 (3 points)

Still in the framework of the previous question, we restrict ourself to the case :
K:0eCQ)— / exp(0(t, x))dtd.
Q

Show that
9(t7 x) = A(’Y(tv :E))

for a certain function A :] — 0o, +00[ to be found. Then, discuss the uniqueness of (v, v).



