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Introduction: Discret Optimal Transport

We now consider the optimal transport problems between probability measures on two
finite sets X and Y with, for simplicity, both of cardinality N and we set

= Z 0z v= Z UyOy.

reX yey

Definition 0.1 (Discrete OT). The discrete Optimal transport problem between two
given measures p and v and a given cost function ¢ : X XY — Ry U{+o0} is the following
minimization problem

inf Z Z Yayc(x,y) | v € (p,v) o, (0.1)

zeX yeY

where the set of admissible couplings is now defined as

O(p,v) ={y€ X XY |4y =0, Z%y:uxVxEX, Z%yznyer}.
yey zeX

Unfortunately, this linear programming problem has complexity O(N?3) which actually
means that it is infeasible for large N. A way to overcome this difficulty is by means of
the Entropic Regularization which provides an approximation of Optimal Transport
with lower computational complexity and easy implementation.

References: Entropic regularisation of Optimal Transport is a very active research field.
We refer the interested reader to [1, 5, 9, 11, 6] and the citations therein. We also remark
that these notes are inspired by the graduate classe on Numerical Optimal Transport given

by F.-X. Vialard [13].

1 The Entropic Optimal Transport

1.1 The discrete case

We start from the primal formulation of the optimal transport problem, but instead of
imposing the constraints 7, > 0, we add a term Ent(y) = >_,  €(7sy), involving the
(opposite of the) entropy

r(logr—1) ifr>0
e(r) =<0 ifr=0
+o00 ifr<0



More precisely, given a parameter € > 0 we consider

P.=inf{ (ye) +eEnt(7) [ v € X XY, Y Yay =iz, D Yay=vy ¢, (12)
yey rzeX

where (y]e) =37, Yayc(@,y) and Ent(y) =3, e(Vay)-

Theorem 1.1. The problem P. has a unique solution ~*, which belongs to II(p,v). More-
over, if min(mingex i, mingey vy) > 0 then

Yo,y > OV(x,y) e X xY.

Before introducing the duality, it is important to state the following convergence result
in €.

Theorem 1.2 (Convergence in ¢). The unique solution ~y. to (1.2) converges to the opti-
mal solution with minimal entropy within the set of all optimal solutions of the Optimal
Transport problem, that is

Ve o avgmin {Ent(y) | v € M(p,v), (v]¢) = MKe(p,v)}- (1.3)

Proof. Consider a sequence () such that e — 0 and € > 0 and denote 7y, the solution

o (1.2) with ¢ = e. Since II(u,v) is bounded and close we can extract a converging
subsequence vy — v* € II(u,v). Take now any optimal 7 for the unregularized problem
then by optimality of v and -+ one has

0 < (3le) — (v]e) < ex(Ent() — Ent()). (1.4)

Since Ent(+) is continuous, by taking the limit £ — 400 in (1.4) we get (v*|c) = (v]c).
Furthermore, dividing by ¢, and taking the limit we obtain that Ent(y) > Ent(v*) showing
that v* is a solution to the minimization problem in (1.3). By strict convexity of Ent the
optimization problem (1.3) has a unique solution and the whole sequence is converging to
¥*. O

We want now to derive formally the dual problem. For this purpose we introduce the
Lagrangian associated to (1.2)

%@lﬁ Z’ny xy +56 ’Y:cy +Z MI_Z'YIy

rzeX yey

+Z¢(y) Vy_z%cy )

yey yeYy

(1.5)

where ¢ : X — R and 9 : Y — R are the Lagrange multipliers. Then,

PE = il’lfSllpL(’Y, @ad})v
T



and the dual problem is obtained by interchanging the infimum and the supremum :

D. = supmin Y vuy(c(z,y) = (y) — (@) + e(log(ray) — 1))+

T (1.6)
D e@a + Y vw)wy |
zeX yey

Taking the derivative with respect to 7.,, we find that for a given ¢,1), the optimal ~y
must satisfy:

c(x,y) = p(y) — o(x) + elog(vay) = 0
o) +¥(y) — C(ﬂf,y)> (1.7)

3

L.e. Yzy = exp (

Putting these values in the definition of D, gives

D, = SHE D (p, 1)) with (1)
<p7
b)Y el + 3 by - 3 cenp (EEL YD) = ez
zeX yey z,y

Note that thanks to the relation (1.7), one can recover a solution to the primal problem
from the dual one. This is true because, unlike the original linear programming formulation
of the optimal transport problem, the regularized problem (1.2) is smooth and strictly
convex. The following duality result holds

Theorem 1.3 (Strong duality). Strong duality holds and the mazimum in the dual problem
s attained, that is 3o, such that

PE — DE - ‘%(%W

Corollary 1.4. If (¢,) is the solution to (1.8), then the solution v* to (1.2) is given by

o(x) +¥(y) — c(x, y))

= ex
Ye,y p < c

Notice now that the optimal coupling v can be written as

—c(z,y)

Yoy = Dpe = Dy,
where D, and Dy, are the diagonal matrices associated to e?/ and e¥/¢, respectively. The
problem is now similar to a matrix scaling problem

Definition 1.5 (Matrix scaling problem). Let K € RY*Y be a matrix with positive
coefficients. Find Dy, and Dy, positive diagonal matrices in K € RYXN such that D,KD,
is doubly stochastic, that is sum along each row and each column is equal to 1.

Remark 1.6. Uniqueness fails since if (D, Dy) is a solution then so is (cDy, 2 Dy,) for
every c € Ry.



Algorithm 1 Sinkhorn-Knopp algorithm for the matrix scaling problem
1: function SINKHORN-KNOPP(K)

2 Dg +— 1y, D?p — 1y

3 for 0 < k < kpax do

4: DZZH — 1N./(KD1'Z)
5

6
T

D 1y./(KTDE)
end for
end function

Algorithm 2 Sinkhorn-Knopp algorithm for the regularised optimal transport problem
1: function SINKHORN-KNOPP (K., 11, V)
2 Dg +— 1x, D?b — 1y

3 for 0 < k < kpax do

4 DEYY /(K DE)
5

6
7

DI v /(KT DEM)
end for
end function

The matrix scaling problem can be easily solved by using an iterative algorithm, known
as Sinkhorn-Knopp algorithm, which simply alternates updating D, and Dy, in order to
match the marginal constraints (a vector 1y of ones in this simple case).

where ./ stand for the element-wise division. Denoting by (K:)z, = ew the
algorithm takes the form 2 for the regularized optimal transport problem.

Notice that one can recast the regularized OT in the framework of bistochastic ma-
trix scaling by replacing the kernel e~ with (Ke)zy = diag(,u)ew diag(v), where
diag(p) (diag(v)) denotes the diagonal matrix with the vector p () as main diagonal. In
this case the problem (1.2) can be re-written as

PE(M’”) = inf </7|C> —|—5J—f('y|,u® V) | yeEX XY, Z'ny = Mz, Z Yoy = Vy ¢ (1'9>
yey zeX

where H(p|p) ==, pm(log(ﬁ—z) — 1) is the relative entropy or the Kullback-Leibler diver-
gence.

Good to know: one can easily recast the regularized OT in the continuous
framework as follows

v.u) =it { [ clanilan +exnen) venunf, 110

where
dp(z, y) :
log | ———=) —1)dp(z,y), ifp<kw
H(p|m) = /X><Y ( <d7T(937y)) ) @)
400, otherwise,

and the marginals u, v are probability measures on the compact metric spaces X and
Y, respectively. This problem is often referred to as the static Schridinger problem
[9] since it was initially considered by Schrédinger in statistical physics. Once again,




under mild assumptions on the cost functions, one can prove that the regularized
problem converges to original one as ¢ — 0; see [4, §|.

1.2 The convergence of Sinkhorn in the continuous setting

As presented in Lecture 1, the existence of Kantorovich potentials for the standard Op-
timal Transport problem can be proven by standard compactness arguments. By using
similar arguments we show existence for the regularized dual problem (and convergence
of Sinkhorn at the same time) in the continuous framework. We firstly recall that a
coordinate ascent algorithm on a fucntion of two variables f(z,y) can written as

Yk+1 = argmaxy f(xlﬁ 3/)7

Tpy1 = argmax,, f(z,yry1)-

The Sinkhorn algorithm is actually a coordinate ascent algorithm: the main idea is indeed
to maximize ®.(p,1) by maximizing alternatively in ¢ and . From now on we assume
for simplicity that X =Y are compact and c is a continuous cost function.

Proposition 1.7. The dual problem to (1.10) reads as

D, = SUP{@E(%W | 907¢ € GO(X)}’ (1'11)

where
B (1) = /X o(@)du(z) + /Y b(y)dv(y)

_ S/XXY exp (sO(fv) +(y) - C(xvy))du © dv(z.y).

3

It is strictly concave w.r.t. each argument @ and 1 and strictly concave w.r.t. p(z)+1(y).
It is also Fréchet differentiable for the (Co, ||-||) topology. Furthermore, if a mazimizer
exists it is unique up to a constant, that is P (@, V) = @ (p + C,¢» — C) for every C € R.

Proof. We leave the proof as an exercice. O

Proposition 1.8. The mazimization of ®c(p, 1) w.r.t. each variable can be made explicit,
and the Sinkhorn algorithm can be defined as

(o) = —etog ([ exp (Lunl) — o)) ) = Suton) (112)
) = —<1og ([ e (Lonne) - clen))aut)) = Suon). (113)

Moreover, the following properties hold

(i) @c(or, i) < Pe(Vrt1, i) < Po(Prg1, Yrg1);

(i1) If c(x,y) is w—continuous then pii1,VK4+1 are also w—continuous ;

(i1i) If Y, — C (41 — C) is bounded by M on the support of v (), then so is @pi1
(Vrt1)-



Proof. (1.12) and (1.13) follow by writing the first-order necessary condition which gives

" | — exp <90(‘”>> /Yexp (- é(w(y) ~ew.9)))drly) =0, 2~ ac.

3

implying the desired formula (and by symmetry, the same result on S, holds). Therefore,
Sy (1) is the unique maximizer of ¢ — ®.(p, 7).

By definition of ascent on each coordinate, (i) is obtained directly. More generally one
can prove that the application S, (S,) is w—continuous. Let 21,22 € X then

1 —c(za, 1 —c(x1,
[S,(8) (1) = S, () (a2)| = <log ( /. [0 (2y))du(y)> ~ clog ( /. ftow (ly)>dy(?/)>
1 —c(x1, c(x1,y)—c(x2, —c(z1,

o (/ 6(g<¢<y> (e1,) el y) 2y)>dy(y)> Cclos (/ 6( ($(y)—l ”))dy(y))

X X

w(d(xzq,x 1 —c(z1, 1 —c(T1,
o (e(d(12))/ (tom y>)dy(y)) o (/ (tow y>)dy(y)>

X X

= w(d(z1,z2)).

=

(1.14)
The last point is just a bound on the iterates. O

Proposition 1.9. The sequence (g, Vy) defined by (1.12) and (1.13) converges in (Co, ||| o)
to the unique (up to a constant) couple of potentials (p, 1)) which mazimizes Pe.

Proof. Shifting the potentials by an additive constant, one can replace the optimization
set by the couples (¢, ) which have uniformly bounded modulus of continuity and such
that ¢(zg) = 0 for a given 9 € X. Recall that by proposition 1.7 the maximum of ®
is achieved at some couple (¢*,1*) which is unique up to a constant. Then, by prop.
1.8 (@K, ¥r) are uniformly bounded and have uniformly modulus of continuity and one
can extract a converging subsequence to (,%). By continuity of ® and the monotonicity
of the sequence, ®.(%,S5,(@)) < P(S, 0 5,(@),Su(@)) = ®(®,5,(@)). Therefore, the

maximizer coordinatewise being unique, one has

Su(¥) =79, 1.15)
Su(@) = 1. (1.16)
These show that (,1) is a critical point for ®., thus being a maximizer. O

The proof of convergence relies on some important properties of the log—sum—exp
(LSE) function log [ exp which we summarise in the next Lemma. Before that let define
the pseudo-norm |||, , of uniform convergence as

1
7o = 5(sup £~ inf £) = in 17 + ]
Lemma 1.10. The LSE function is convex and

15(21) = Su(@2)llo 00 < llpr — P20 o - (1.17)



Proof. Convexity is easily verified. We can get the 1—Lipschitz property as follows

La
S @) = Sule2) )] = ‘ | GiSutea+ tler = e

</01 /){(901—902) il

Jx exp(
< o1 — 2l -

(p2 +t(p1 — p2) — ¢))
(2 +t(p1 — @2) — c))dp

dp

o =[O =

Notice that the equality occurs if and only if 1 — @9 is constant y—a.e.. In particular we
would have ¢1 = p2+a and S, (1) = Su(p2) +a. Thus it is natural to consider the set of
continuous functions up to an additive constant €(X)/R endowed with the pseudo-norm
introduced above. Then, since S, (1 + a) = S,(¢1) + a we got the same inequality for
the norm |[|-[|,, . O

Lemma 1.11. Let u,v € C(X) and p € P(X) and denote v, and v, the Gibbs measures

associated to u and v, that is dv, = Zie“du and dv, = Z%e“du, where Z,, and Z, are the

normalizing constants, then ’
v — vl < 2(1 — e 2luvllony,

Proof. Consider a bounded function g on X and define

etvt(1-t)u
t) = — T
ng(t) /X g Zes 0

where Z; 4 = [ etvt(=tuq,,  Differentiating we get
n;](t) + nv—u(t)779<t) = n(vfu)g(t)a
and ,
R 1) <y 0) = [ g (o)l
0
Observe that
t
t s
|efo vau(S)dsng(t) —1,(0)] < ||g||oo/0 U(u—v)(s)efo Mo (r)dr 4 g

< llgll (efom— —1).

Interchanging the role of v and v we have two possible cases: 74(1) > 74(0) > 0 or
Ng(1) = 0 > n4(0). In the first case one has

t t t
efo €85 (3 (8) — g (0))] < feho M= (1) — g (0)] < lgllag (0 P9 — 1),
In the second case there exists ¢ty € [0, 1] such that n4(tp) = 0 and we get
1
wu—nv(8)ds
(V)] < llglle (1= el ™=%)
=aq

to $)ds
1(0)] < gl (1= " memr(s).

‘=ag




Thus,
19(1) = ng(0)] < |ng(1)] + [0 (0)] < 2|9l max(az, ao)

By exploiting the fact that 7, () < 2|[u — ||, o, we obtain in both cases that
I =l < 21— 210l
O

Theorem 1.12. (Convergence of Sinkhorn) The map S = S, oS, is a contraction for
[lo.0o- In particular the sequence (pi,vy) defined by the Sinkhorn algorithm linearly
converges to the unique (up to a constant) maximiser of the dual problem.

Proof. We actually have to prove that

15 (1) = Sulw2)llg 00 < e llor = @26 o0 - (1.18)

Once we have established that S, is a contraction then by lemma 1.10 it easily follows
that

HS(QOl) - 5(902)Ho7oo < Ky ngl - @2”0,00 )

which would conclude the proof.
In order to prove (1.18) we start by giving an estimation of the oscillations of S,

1
/ / (1 —p2)(dnsy — dne . )dt|,
0 X

S1Su(e1)(0) — 5u(02)(9) — Sulen) (@) + Sule2)(@)] < 5

1 Her=ea)teo—c(z,) . .. . .
where dn; . 1= Ze e dp where Z is the normalising constant. Since d7n; . is a

Gibbs measure we can apply the L' bound of lemma 1.11 to estimate ||, — 72|/, and
get

15u(p1) — Su(‘P2)Ho,oo < kpllpr — p2| 0,00
with k,, = (1 — ™2 e ). O

Remark 1.13 (Convergence speed). This theorem shows that the Sinkhorn algorithm
converges linearly, but notice that the contraction constant has a bad dependency in e.

Denoting C' = |[c|, . to get an error of 3 one needs

(1—e?5)<p

that is
k 2 €2¢/%10g(1/B).

Remark 1.14. We refer the interested reader to |3, 10] where the convergence of Sinkhorn
algorithm in infinite dimension (and generalized also to the multi-marginal case) is treated.

A The convergence of Sinkhorn for the Hilbert metric in the
discrete setting

We focus now on the global convergence analysis of the Sinkhorn algorithm in the discrete
setting by using the Hilbert projective metric on R’} , (positive vectors).



Definition A.1 (Hilbert projective metric). The Hilbert projective metric on R} , is
defined as

V(u,v) € (R} )% di(u,v) = [|log(u) —log(v)|lv,
Where

||z||y = max z; — min z;.
(2 (2

Before stating the convergence result we need the following fundamental theorem,
which shows that a positive matrix is a strict contraction on the cone of positive vector

Theorem A.2 ([2, 12]). Let K € R, then for (u,v) € (Rﬁ7*)2

dy(Ku, Kv) < M(K)dg(u,v), (A.19)
where
K)—-1
ME) = YAE) =Ly

Vn(K) +1
and oK

B K

niK) = Tkl K Ky

We have then the following convergence result (we use the same notations as in 2)

Theorem A.3 ([7]). One has (DZZ, ij}) — (D, Dy,) and

di (DL, D5) = OONK)™), dg (D5, D) = OA(K)?), (A.20)
where D, D:Z are the optimal solutions. Moreover,
dH(’Ykln 1)
dg (D%, DY) < =0 A21
#(Ds. D) < ), (A21)
dy(v*1,,v)
DF DXy g 2w A.22
where yF = diag(DZ;)K diag(Dﬁ)), Last, one has
[ Tog(v*) = log(v")llec < dur(D}, D) + du (D, Dyy). (A.23)

where v* is the unique solution to (1.2).
Proof. Notice that for any (u,v) € (R" ,)?, on has

dy(u,v) =dg(u/v,1,) =dg(1,/u,1,/v).
This shows that

dp (DY, DY) = d(—t—, -

k?
KDd) KDz*p

) = dH(KDZ,KD;) < A(K)dH(Dg,D;),

where we used Theorem A.2. This shows (A.20). By using triangular inequality we have
du (D%, DY) < dp (D5, DE) + dy (DET, DY)

H k k

= dp(p, D © (KD})) + MK)?dy (D, DY)

where ® denotes the element wise multiplication. (A.22) can be proved in an analogous
way. (A.23) is trivial. O
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